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1. Consider a risk-neutral agent who owns a call option on an underlying

asset whose value at the excercise date is ex. The call option gives to
the agent the option to purchase the asset at a prespeci�ed price p,

called excercise price. Show that the agent likes an increase in risk

in the value of the asset. How would your answer change if the agent

owns n > 1 call options with exercise prices p1; :::; pn?

2. An investor has initial wealth w0 that she must divide between a safe

and a risky asset. Denote the fraction of initial wealth invested in

the risky asset by �. There are two possible states, H and L, for the

economy. Assume that the economy will be in stateH with probability

p and in L with probability (1� p) :The risky asset pays a gross return
RH if the state of the economy is H and a gross return 0 if the state

is L: I.e. in state H; an investment of �w1 in the risky asset results

in a return �w1RH and in state L ; the return is 0. A unit of the safe

asset pays R in both states.

(a) For an arbitrary investment portfolio f�; 1 � �g; determine the
�nal wealth of the investor.

(b) Assume the investor has a Bernoulli utility function u (w) where w

denotes the �nal wealth. Assume that u0 (w) > 0 and u00 (w) < 0:

Write down the expected utility resulting from an arbitrary port-

folio and characterize the �rst order conditions for the optimal

portfolio. Argue also that second order conditions are also satis-

�ed at the point that satis�es the �rst order conditions.

(c) Consider now a third asset that pays 0 in H and RL per unit

invested in L: For what values of RH ; RL; R will the investor

invest nothing in the safe asset? Is it ever optimal to invest
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a stricly positive fraction of wealth in all three assets? (hint:

construct a "safe" asset by combining risky assets at a suitable

ratio, and compare its return with the original safe asset).

3. (MWG 6.C.5) Consider a consumer with utility function u (�) : RL+ !
R de�ned over bundles of L goods, just like in lecture 3.

(a) Argue that concavity of u (�) can be interpreted as the decision
maker exhibiting risk aversion with respect to lotteries whose

outcomes are bundles of the L commodities.

(b) Suppose that a Bernoulli utility function eu (w) for wealth is de-
rived from the utility maximization problem de�ned over bundles

of consumption for each given wealth level w, keeping the price

vector p for commodities �xed. Show that, if the utility function

u for the commodities exhibits risk aversion, then so does the

derived Bernoulli utility function for wealth. Interpret.

(c) Can you �nd an example that shows that the converse of (b) does

not necessarily hold? (take L = 2, and look for a nonconcave

function u such that the derived Bernoulli utility function on

wealth exhibits risk aversion)

4. Consider an economy with one representative agent and two dates;

t = 0; 1. The economy has an exogenous consumption process in the

following sense: in the absence of savings, period t = 1 consumption,

~c1, is distributed according to some cumulative distribution function

F (c). Thus, Ef~c1g =
R
cdF (c). Period t = 0 consumption c0 is given.

The agent has separate attitudes towards time and risk, so we seek to

formulate preferences such that the two can disentangled. The utility

over time is given by

U(c0; ~c1) = u(c0) + �u(c(v; F ))

where � 2 (0; 1) is the discount factor, u is a weakly concave function,
and c(v; F ) is the certainty equivalent consumption for period t =
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1 using another weakly concave function v. That is, v(c(v; F )) =

Efv(~c1)g. Note �rst that if u = v we have the usual time-separable

expected-utility objective. Second, given c(v; F ), all uncertainty has

been removed from calculations using U(c0; ~c1), so the concavity of u

relates to consumption smoothing only. Third, concavity of v measures

risk aversion only.

(a) Suppose the agent can invest and sacrify consumption at t =

0 to achieve a sure bene�t (1 + r) per unit invested at t = 1.

Now, if you can �nd a rate of return r that makes the agent just

indi¤erent between investing and not investing, given c0 and the

expected ~c1, you have found the socially e¢ cient discount rate for

this economy. Do this and discuss how it depends on consumption

smoothing and risk aversion.

(b) Consider now the e¤ect of increasing uncertainty on the discount

rate. To obtain a benchmark compute the socially e¢ cient dis-

count rate under the assumption that Ef~c1g is the period t = 1
consumption for sure. Denote this by rc. Then, calculate the

true socially e¢ cient discount rate under the assumption that

~c1 is uncertain. Does the uncertainty reduce the discount rate?

Assume time separable preferences, that is, v = u.

(c) The same problem as above, but assume now v 6= u. Show that
the socially e¢ cient discount rate falls with uncertainty about fu-

ture income levels if the agent is decreasingly absolute risk averse.

5. In models of oligopolistic competition, it is typical that the pro�t of a

�rm lagging behind the leader in the industry in terms of the quality of

its product has a pro�t function that is �rst convex and then concave in

any improvements to its own quality. R&D investments within a �rm

result normally in random improvements in the quality A possible way

of modeling the R&D activity is by considering the choice of various

types of projects, i.e. various distributions over quality improvements.

With this as a motivation, consider the following model. The pro�t of
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the �rm is given by function � (x) de�ned for x � 0; and there is an
x0 such that �00 (x) � 0 for all x � x0; and �00 (x) � 0 for all x � x0;
and furthermore �0 (x) > 0 for all x and limx!1 �0 (x) = 0: The �rm

maximizes its expected pro�t by making a choice amongst di¤erent

random distributions for x on R+.

(a) Assume that the �rm can choose any probability distribution for

quality improvement x under constraint that the expected value

of the quality improvement is �xed. That is, the �rm wants to

choose the distribution for x in order to maximize E [� (x)] subject
to Ex = �. Argue that the distribution that maximizes expected
pro�t has at most two points in its support, and characterize the

optimal distributions.

(b) Suppose that there is a cost of increasing �: More speci�cally,

let c (�) denote the cost, and assume that c; c0; c00 � 0: Find the
optimal distribution (i.e. �nd optimal � and the corresponding

distribution that maximizes E [� (x)]� c (�) s.t. Ex = �)
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