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1 Dynamic programming

This lecture note is a VERY brief introduction to dynamic programming. For a some-

what more general treatment, you should read chapters 3 and 4 in LS. For a rigorous

treatment of the underlying theory I recommend chapter 6 in Acemoglu�s new book

(Introduction to modern economic growth, Princeton University Press).

For concreteness, we discuss dynamic programming in the context of the neoclas-

sical growth model. As a motivation, we start by considering a version of the model

that contains productivity shocks. After that we introduce dynamic programming in

the context of a simple deterministic �nite-horizon problem. Then we consider a deter-

ministic in�nite-horizon problem. Finally, we get back to the stochastic in�nite-horizon

problem and show how to formulate the problem recursively. Later in this course, we

will apply dynamic programming to di¤erent types of models.

1.1 Neoclassical growth model with productivity shocks

Consider the problem of a social planner that maximizes

E
1X
t=1

�t�1u(ct; 1� nt) (1)

subject to

ct + kt+1 = ztf(kt; nt) + (1� �)kt (2)
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where E is the expectation operator and zt is an aggregate productivity shock. For con-

creteness, assume that zt 2 fz1; z2g with z1 6= z2 and assume that there is a probability

transition matrix P =

0@ p11 p21

p12 p22

1A such that

Pr(zt+1 = z
i j zt = zj) = Pij: (3)

Note that given our interpretation of P as a probability matrix, its columns must sum

up to one and all its entries must be non-negative. We can thus write it as

P =

0@ p11 1� p22
1� p11 p22

1A : (4)

Think about solving this problem. In lecture notes 1, we considered deterministic

models (with zt � 1) and found the solution by a solving system of equations that con-

sisted of the �rst-order conditions and aggregate resources constraints for t = 1; 2; :::; T;

where T was assumed to be large enough so that the economy should be in a steady

state by then.

That approach does not work here. To see this, note that optimal consumption,

labor supply and investment in any period presumably depend on the whole history of

shocks until that period. (They cannot depend on aggregate shocks after that period,

because we assume that not even the social planner knows future productivity shocks

in advance.) That is, the optimal consumption in period t, for instance, should be

written as ct(z1; z2; :::; zt). As t increases, the number of di¤erent possible shock histories

increases rapidly: By period 10, for instance, there are already 210 di¤erent histories.

Moreover, there is generally no period T after which the economy would be in a steady

state.

So how do we solve this problem? The answer is dynamic programming. In what

follows, we �rst discuss dynamic programming in the context of even simpler examples

(where dynamic programming is not as essential) and then get back to this problem.
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1.2 A deterministic �nite-horizon example

Consider the following problem:

max
fkt+1gTt=1

TX
t=1

�t�1u(ct) (5)

subject to

ct = f(kt)� kt+1 (6)

kt+1 � 0 (7)

k1 given (8)

Here we assume that capital depreciates fully from one period to the next. Following

the approach we took in the �rst two lecture notes, we could solve this problem by

solving the following system of equations:

u0(f(kt)� kt+1) = �f 0(kt+1)u
0(f(kt+1)� kt+2); for t = 1; 2; :::; T � 1 (9)

kT+1 = 0 (10)

Alternatively, we can solve the problem recursively starting from the last period. In

period T , the social planner takes the capital stock as given. The optimal investment

policy, as a function of the capital stock, is obviously kT+1(kT ) = 0. Let VT (kT )

denote the last period utility given the optimal policy and capital stock. We have

VT (kT ) = u(f(kT )). In period T � 1, the social planner takes kT�1 as given and its

problem is:

max
kT
fu(f(kT�1)� kT ) + �u(f(kT ))g (11)

Denoting the value to this problem by VT�1(kT�1) and substituting VT (kT ) = u(f(kT )),

we have

VT�1(kT�1) = max
kT
fu(f(kT�1)� kT ) + �VT (kT )g: (12)

We can proceed backwards to any period t � 1 and write

Vt(kt) = max
kt+1

fu(f(kt)� kt+1) + �Vt+1(kt+1)g (13)
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This is an example of a Bellmann equation. Here Vt is the value function, kt is a

state variable and kt+1 is the control or policy variable. The value function Vt gives

the discounted sum of periodic utilities (payo¤s) given the value of the state variable.

Solving for this dynamic programming problem involves �nding the value functions Vt

(for all t) and the policy functions kt+1(kt). This can be done recursively by starting

from the last period: we already know VT and kT+1(kT ), so next we would solve VT�1

and kT (kT�1).

It is useful to show explicitly that the allocation resulting from the recursive opti-

mization is the same as the one characterized by (9) and (10). The �rst-order condition

related to (13) in period t reads as

u0(f(kt)� kt+1) = �V 0t+1(kt+1): (14)

This equation determines kt+1(kt). By plugging in the optimal policy to (13), we get

Vt(kt) = fu(f(kt)� kt+1(kt)) + �Vt+1(kt+1(kt))g: (15)

Di¤erentiating this w.r.t. kt gives us:

V 0t (kt) = fu0(f(kt)� kt+1(kt))(f 0(kt)� k0t+1(kt)) + �V 0t+1(kt+1(kt))k0t+1(kt)g (16)

Using (14) this simpli�es to

V 0t (kt) = u
0(f(kt)� kt+1(kt))f 0(kt) (17)

Forwarding (17) by one period and substituting into (14) results in (9).

1.3 A deterministic in�nite-horizon example

Consider the same problem as above but with T =1. Again, let Vt(kt) denote the dis-

counted sum of periodic utilities from period t onwards given optimal policies. However,

since the horizon is now in�nite, it is clear that this function must be time-invariant.

Related to that, it makes sense to drop the time indices from everywhere. Hence, we

write the Bellmann equation in the following form:

V (k) = max
k0
fu(f(k)� k0) + �V (k0)g; (18)
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where prime refers to next period variables (not to be confused with a derivative!).

This is an example of functional �xed point problem. We are looking for a function

V (k) such that (18) holds for every k. Unlike in the �nite horizon example, there is no

last period from which to start with.

However, as we will see, we can still solve this problem recursively by �rst guessing

a value function and then iterating until the value function has converged. That is,

given a �rst guess for the value function (for instance V (k) � 0), which we put into

right hand side of the Bellman equation, we solve for the optimal k0 (in principle for

every k). This gives us a new guess for the value function (as the value function in

the left-hand side), which we then take as our new guess (and put into the right-hand

side). This is the most straightforward approach to solve the Bellman equation and it

is called value function iteration.

Sometimes we can solve for the value- and policy functions analytically. This is case

in this example if we assume u(c) = log(c) and f(k; n) = Ak�. The answer turns out

to be of the form

V (k) = E + F log(k) (19)

k0(k) =
�F

1 + �F
Ak� (20)

where E and F are constants (see LS p. 89-90).

1.4 A stochastic in�nite-horizon example

We can now get back to the stochastic neoclassical growth model de�ned in (1)-(2).

The Bellmann equation is very similar to (18). However, here we need to optimize

over both k0 and n. In addition, we need to include a second state variable, namely

the current productivity level. This is because generally, information about the current

productivity is useful when forming the expectation about next period productivity.
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Hence, we have

V (k; z) = max
k0;n

fu(c; n) + �Ez0jzV (k0; z0)g (21)

s:t: (22)

c+ k0 = zf(k; n) + (1� �)k (23)

Given k0, computing the expectation is easy, of course. For instance, if z = z1 we

have Ez0jzV (k0; z0) = p11V (k0; z1) + (1� p11)V (k0; z2):

In the case where z is i:i:d: so that P11 = P22 = 0:5, current productivity shock

does not help to predict next period�s productivity. Sometimes that allows to reduce

the number of state variables. It is a useful exercise to set f(k; n) = zk�n1�� and � = 1

and �nd a single state variable that su¢ ces in the case where z is i:i:d:

1.5 About the general theory of dynamic programming

The fundamental questions related to the Bellman equations of the form (21) are the

following. i) Does the value function exist?, ii) Is the value function unique?, iii) Is the

policy function unique?. We would also like to know about some basic properties of the

value function. For instance, whether it is di¤erentiable or not (notice that to derive

some of the results above, we needed to assume that it was di¤erentiable).

The key theorems related to existence and uniqueness are contraction mapping

theorems, which tell us under which conditions there is unique solution to a functional

�xed point problem. They can be used to show that in the case of (18) and (21)

the answer to the �rst two questions is "yes" as long as � < 1. (The "contraction

mapping" in our example, is the act of multiplying the value function by �, taking the

expectations, adding the periodic utility to it, and optimizing over k0.) The contraction

mapping theorems also tells us that value function iteration works.

The uniqueness of the value function implies that the policy function is unique

unless two policies result in the same utility. In economic applications, this is usually

ruled out by concavity of the periodic utility function. Finally, it can be shown that
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di¤erentiability of the periodic utility function guarantees that the value function is

also di¤erentiable under quite general conditions.

1.6 Numerical dynamic programming

Consider solving the problem in (21) numerically by a simple value function iteration.

Given a guess for the value function, we solve the optimization problem and then update

the value function. That is, we have the following recursive structure:

V j+1(k; z) = max
k0
fu(f(k)� k0) + �Ez0jzV j(k0; z0)g (24)

s:t: (25)

c+ k0 = zf(k; n) + (1� �)k (26)

Given V j we solve for V j+1, given V j+1 we solve for V j+2 and so on.

One obvious practical problem is that the value function is de�ned over a continuum

of capital stocks. For instance, in order to solve for V j+1 for a given level of capital,

we need to know the value of V j for all possible values of k0. Hence it is seems that we

must have solved V j for uncountably many di¤erent values of k.

We overcome this problem by discretizing the state space and by interpolating the

value function. Since we cannot solve the value function for all possible levels capital,

we solve for it a �nite set of di¤erent capital levels. That is, we discretize this state

space along the k-dimension and consider only values k1 < k2 < :::: < kN . In other

words, the value function that we compute is actually just a vector of 2N elements

(again assuming that z can take only two values). The values k1 and kN should be

chosen so that they are not restricting the optimal consumption decision.

When optimizing over k0 (given k and V j), we typically need to determine V j(k0; z0)

(or its derivative) for some k0 that do not correspong to any point in the grid (i.e.

k0 6= ki for all i = 1; 2; ; ; :N). This we do by interpolation. The simplest way is linear

interpolation: V (k) � V (kn) + V (km)�V (kn)
km�kn (k � kn) where kn < k < km. There are also
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alternative, and much more e¢ cient, interpolation schemes (such as interpolating with

di¤erent splines or polynomials).
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